Numerical simulations of a supersonic jet in a subsonic compressible crossflow are conducted using three turbulence models. The numerical results are compared to existing experimental data. The comparisons with the experiment include separation points, reattachment points, and surface pressures in the near jet region as well as mean total pressure and velocity measurements at 10 and 40 diameters downstream of the jet. The simulations employ a finite volume Navier-Stokes code on structured multi-block grids. The turbulence models considered in this study include the Spalart-Allmaras one-equation model, a low Reynolds number k-ε model and the Wilcox k-ω model. The Spalart-Allmaras model gave poor results in the near-field of the jet, but showed excellent agreement with the downstream total pressure and vorticity data. The two-equations models, while giving good results in the jet near-field, tended to over predict both the strength and the lift-off height of the jetinduced vortex pair. 
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Introduction
The introduction of a transverse supersonic jet into the flow over the surface of a transonic flight vehicle generates a number of complex fluid structures. A region of separated flow is created by the pressure rise as the crossflow stagnates at the front of the jet and a low pressure separated region forms in the jet's wake. Shock waves are also present in the form of a Mach disk within the jet plume and, depending upon the freestream Mach number, a separation shock upstream of the jet and critical shocks along its sides. These latter shocks induce the additional complications associated with shock/boundary layer interactions. The far-field of the jet is dominated by a counter-rotating vortex pair created in its wake, which is carried along just beneath the jet and retains its strength even as the jet itself dissipates. Turbulent mixing and entrainment issues accompany the presence of the dissipating jet and the vortex pair.
One of the major difficulties in simulating these complex flowfields is the accurate modeling of the effects of the turbulent fluctuations. The proper modeling of these turbulent fluctuations with Reynolds-Averaged NavierStokes (RANS) codes has been an area of intense research in the field of fluid dynamics. This research has resulted in an array of turbulence models with varying degrees of complexity. Often, these models are accurate only for certain kinds of flows, such as attached boundary layers or free shear layers. The flowfield generated by a supersonic jet in a subsonic crossflow, however, contains several of these complex fluid structures, each of which interact with the others.
An assessment of the ability of turbulence models to predict such complex flowfields in the transonic regime has been hampered by a dearth of experimental data. While most of the compressible experiments conducted in the past have involved supersonic jets exhausting into supersonic crossflow, a few programs have examined a supersonic jet in subsonic compressible crossflow. One of the most useful is reported by Chocinski et al. 1 and Chocinski, 2 who provide a variety of surface and flowfield measurements that can be compared with numerical results. Other studies have provided more limited measurements of similar flowfields [3] [4] [5] and a few analytical efforts also have been published. [6] [7] [8] Some additional studies have involved sonic jets exhausting into a subsonic compressible freestream.
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The experimental results reported in Refs. 1 and 2 are used in the current investigation to assess the ability of a number of widely-used turbulence models to predict the complex features found in transonic jet-in-crossflow situations. The present study focuses on predicting the location of the counter-rotating vortex pair at various stations downstream of the jet. The issues of grid convergence and iterative convergence are also addressed.
Experimental Description
A detailed discussion of the experimental setup and facilities can be found in Refs. 1 and 2. The experiment was performed in a solid-wall blow-down transonic tunnel at CEAT. Figure 1: (reproduced from Ref. 1) shows the experimental set-up. The jet nozzle was a Laval nozzle with a 10˚half angle downstream of the throat and a 3 mm exit diameter. It exhausted transversely from one side wall of the wind tunnel. Instrumentation included mean surface pressure taps both in the vicinity of the nozzle and on the opposite wall, and a five-hole probe that was used to interrogate the flowfield for Mach number and total pressure coefficient. The wind tunnel conditions reported by Chocinski et al. are given in Table 1 . These conditions produced a static jet-to-crossflow pressure ratio of 1.5 and a jet-to-crossflow momentum ratio of 16.7, and the jet is underexpanded.
.
Computational Method
The SACCARA Code 16 from Amtec, Inc. The SACCARA code solves the 2-D/axisymmetric and full 3-D NavierStokes equations for laminar and turbulent flows. The SACCARA code is applicable to flows from subsonic through hypersonic speeds and has options for perfect gas, thermochemical equilibrium, and thermochemical nonequilibrium. Standard zero-, one-, and two-equation turbulence models are also available. The code employs multi-block structured grids with point-to-point match up at the block interfaces. The solution is driven to a steady state using the lower-upper symmetric GaussSeidel (LU-SGS) or diagonal implicit solution advancement scheme based on a combination of the work of Yoon et al. 17, 18 and Peery and Imlay. 19 The inviscid fluxes are evaluated using the flux vector splitting of Steger and Warming 20 or the symmetric TVD flux function of Yee. 21 The latter is employed in this paper and is nominally second-order accurate in smooth regions of the flow. The viscous terms are discretized using a standard central differencing scheme.
Turbulence Models
Nearly every turbulence model was initially developed for incompressible flows, and the extension to compressible flows is not always straightforward. The general form of the turbulence transport equation for compressible flow may be written as (1) where ϕ is the transported quantity (k, ε, etc.), D is the diffusion term, and S P and S D represent source terms for production and destruction, respectively. The general form for the compressible diffusion term is (2) where the effective viscosity is some combination of the molecular (or laminar) viscosity and the turbulent viscosity . The following development utilizes Favre (overtilde) and Reynolds (overbar) averaging. See Ref. 22 for notation and details on these averaging procedures.
Spalart-Allmaras Model
A transport equation for determining the eddy viscosity with near-wall effects included has been developed by Spalart and Allmaras. 23, 24 The governing equation was originally developed for incompressible flows and was formulated in substantial derivative form. When transformed into compressible form (i.e., Eq. (1)), the working variable and source terms take the following form: (3) where the eddy viscosity is defined as , and the following functions are used:
The original formulation for the diffusion term can be written as (4) where the effective viscosity is defined as .
When Eq. (4) is transformed into the compressible form shown in Eq. (2), an additional term appears which contains a density gradient:
This density gradient term (shown in brackets) has been found to cause numerical stability problems for highspeed flows. Menter has shown that when an eddy viscosity transport equation is developed from the compressible form of the k-ε equations, this density gradient term does not appear. 27, 28 This term is therefore omitted from the current formulation, 25, 26 and the diffusion term is now defined as:
The model constants used for the Spalart-Allmaras model are:
Low Reynolds Number k-ε Model
The original k-ε formulation of Jones and Launder 29 is appropriate for high Reynolds number flows only. In order to apply this model to wall-bounded flows, damping terms may be added to allow this model to be integrated to the wall. The low Reynolds number formulation of the k-ε model used in the current work is the Nagano and Hishida 30 formulation. The transported quantity and source terms for the turbulent kinetic energy equation in compressible form (see Eq. (1)) are:
The effective eddy viscosity is given by where the turbulent viscosity is defined as .
( 8) The compressible form of the specific dissipation rate equation is (9) where the effective eddy viscosity is now:
The formulation of the k-ε equations currently implemented in the SACCARA code uses the following functions and the production term P employs the incompressible formulation, i.e.,
The variable x n refers to the wall-normal direction and to the wall-tangent component of velocity as in standard boundary layer theory. The model constants for the current implementation are:
Wilcox (1998) k-ω Model
For the Wilcox (1998) k-ω model, 22 the terms in Eq. (1) are as follows: (10) (11)
The effective eddy viscosity is given by where the turbulent viscosity is defined as: (12) The compressible form of the turbulence production
term P C is used, and is given by .
The following relations and standard model constants are used for the Wilcox (1998) k-ω model:
Computational Mesh
Three computational meshes were used in the calculations: a fine mesh, a medium mesh and a coarse mesh. The medium mesh was created from the fine mesh by removing every other mesh cell from each computational direction. In the same way, the coarse mesh was created by removing every other cell from the medium mesh. All the meshes consisted of seven structured blocks and the total number of mesh cells is given in Table 2 . Ideally, the number of mesh cells should increase by a factor of 64 between the coarse and fine meshes and a factor of 8 between the medium and fine meshes. A number of grid lines had to be preserved through the flowfield to ensure point-to-point match-up on the block boundaries. However properly maintaining these block interfaces resulted in a factor slightly less than eight between the different mesh levels.
The near-jet region of the fine mesh used for the calculation is shown in Figure 2 :. The boundaries between the blocks have point-to-point match-up and are connected through the use of ghost cells. Each block has two ghost cells at the boundaries allowing the numerical solution method to maintain second order spatial accuracy across block interfaces.
The mesh height of 85 mm and width of 65 mm matches the wind tunnel test section dimensions. 1 The origin of the axis system is located at centerline of the jet located on the surface of the plate. The mesh extends 50 jet diameters upstream and 200 jet diameters downstream. Only mean flow properties were measured experimentally and flowfield measurements were reported from an Y/D=0 (center of the jet) to Y/D=6 (i.e. half the jet). Based on the type and location of the experimental data a plane of symmetry is assumed along a plane that is parallel to the freestream velocity vector and intersects the center of the nozzle. Attention has been given to the wall spacing to ensure enough points exist in the boundary layer to allow accurate integration to the wall. Also, grid points were clustered in the near-jet region to help resolve the high gradients created by the jetfreestream interaction. The nozzle wall grid spacing for the fine mesh was 1.8×10 -4 mm with a total of 120,000 mesh points in the nozzle. The physical grid spacing on the wall of the flat plate is 7×10 -4 mm. This physical grid spacing on the flat plate resulted in a maximum y + value of 0.1 on the fine mesh.
Boundary Conditions
A uniform velocity profile was assumed at the inflow plane and the boundary layer was allowed to grow naturally. At the subsonic inflow boundary, total pressure (p t ) and total temperature (T t ) and the direction cosine of the velocity vectors are specified. The simulations used the total conditions shown in Table 1 . An adiabatic noslip wall boundary condition was applied along the flat plate and the jet walls. The jet inflow boundary was assumed to start at the nozzle throat where a sonic boundary condition was applied. A symmetry boundary condition was applied along the centerline of the jet, parallel to the freestream velocity vector and a free-slip boundary condition was assumed along the remaining tunnel walls.
The subsonic outflow boundary condition is defined by specifying a constant static pressure. The value of static pressure used at the outflow boundary was determined by varying its value and comparing the Mach number distribution on the wall directly opposite the jet with experimental data from Ref. 2. This procedure resulted in a static pressure value of 6.02 x 10 4 Pa. The comparison of the resulting Mach number distribution produced by the static pressure value used in the calculations is shown in Figure 3: . The results of simula- tions on the fine mesh for all three turbulence models are compared to the experimental data. There is an initial increase in the Mach number due to the presence of the jet. All three turbulence models track the rise in Mach number with the k-ω model producing a slightly more accurate prediction of the Mach number rise. After X/D = 20 the simulations predict a continued rise in the Mach number while the experimental data indicates constant or slightly decreasing Mach number. It is believed that the prediction of the increase in Mach number is due to a reduction in the effective area of the test section. The area reduction is caused by the presence of the jet, the vortices and the boundary growth on the wall. The wind tunnel test section is given as a rectangular geometry, 1 but the Mach number distribution given by the experimental data suggests that some method was employed to maintain the effective area of the test section. This discrepancy leads to additional uncertainty in how well the experiment is being characterized in the current simulations.
Boundary Conditions for Turbulent Quantities

Spalart-Allmaras model
The Spalart-Allmaras turbulence model requires the specification of the turbulent viscosity at the tunnel and jet inflow boundaries. For this case the freestream turbulent viscosity is set equal to the freestream laminar viscosity, i.e.,
Low Reynolds Number k-ε Model
The turbulent quantities at the inflow boundaries were estimated by assuming a turbulence intensity T u of 3% for both the crossflow and the jet. Since the turbulence intensity levels in the wind tunnel were not reported, a value of 3% was assumed to ensure a turbulent flowfield. The turbulent kinetic energy is then determined by Eq. (13): (13) By again assuming that the freestream turbulent viscosity is equal to the freestream laminar viscosity, the initial turbulent dissipation rate can be estimated using Eq. (14): (14) where C µ = 0.09.
Wilcox (1998) k-ω Model
The initial values for the k-ω model can be obtained from Eq. (13) and Eq. (14) using the additional relationship given below: (15) 
Numerical Accuracy
Spatial convergence has been judged from the steadystate solutions on three meshes: 1, 2, and 3 (from finest to coarsest). The Richardson extrapolation procedure 31 has been used to obtain a more accurate result from the relation
The above relation assumes that the numerical scheme is second-order, that both mesh levels are in the asymptotic grid convergence regime and a mesh refinement factor of two (i.e., grid halving). The accuracy of the solutions on the three meshes has been estimated with the exact solution approximated with f RE which gives the solution error as
where k=1, 2, 3 is the mesh level.
If the mesh has been refined sufficiently such that the solution displays a second-order behavior, then the errors on the three meshes will obey the following relationship:
In the above equation, the first equality will always be satisfied when Eq. (16) is used. The second equality will only be satisfied if all three meshes have been sufficiently refined so as to be in the second order asymptotic range.
The normalized errors from Eq. (18) 
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ure 4: for the near-jet region using the Spalart-Allmaras model. The fine grid errors are within 3% upstream of the jet and within 5% downstream of the jet. The fact that the normalized coarse grid errors in the near-jet regions do not match with the normalized errors on the fine and medium grids indicates that the three mesh solutions are not all within the asymptotic grid convergence range. Away from the jet, the errors in the surface pressure are below 1% and appear to be grid resolved.
The normalized errors for the k-ε model are presented in Figure 5 :. The results in the near-jet region are not fully grid resolved on all three meshes; however the downstream near-jet regions appears to be better resolved than in the Spalart-Allmaras prediction. The fine grid errors in surface pressure near the upstream separation region are within 4%, while the errors at the downstream reattachment region are below 3%. Away from the jet, the errors in surface pressure are again below 1% and are grid resolved.
Normalized errors for the surface pressure are shown in Figure 6 : for the Wilcox k-ω model. These results appear to be the least grid resolved downstream of the jet, both in the near-jet region and farther downstream. The normalized errors near the reattachment point are greater than those seen for the other two turbulence models, indicating the need for further grid refinement with this model. The upstream region does appear to be fairly well grid resolved, with maximum fine grid errors of less than 1.5%. In the downstream region, the maximum fine grid errors are near 1%; however, the poor agreement between the normalized errors in this region means that there is significant uncertainty in this error estimate. It should be noted that obtaining grid-resolved solutions for complex, three-dimensional problems is extremely challenging due to the difficulty of obtaining adequate grid quality and resolution for these flows. 
Results
Critical Points
In Figure 8 : an iso-surface of the axial component of velocity (u=0) is shown. The iso-surface is colored by Mach number. This surface shows the region where the presence of the jet forced the axial component of velocity to change sign and thus bounds the recirculation region. Points 1 and 2, labeled on the figure, represent critical points that have been measured experimentally in Ref. 1 . Point 1 is a saddle point of separation located in front of the jet. This region of separation is caused by the large adverse pressure gradient generated as the crossflow is forced to slow and negotiate the jet. The crossflow then accelerates around the jet creating a low pressure separated region behind the jet. Point 2 is the reattachment point of the separated region behind the jet. Table 3 shows a comparison between the experimentally measured and the calculated critical points as well as the percent error between the calculations and the experiment. Using Richardson Extrapolation the critical points predicted by the calculations have been extrapolated from the medium and fines meshes to provide a more accurate estimate of their location. The Spalart-Allmaras model prediction shows the best agreement with the experimental measured location of the saddle point.
The k-ε model does a good job of predicting the location of point 1. This result is somewhat surprising since the k-ε model has been shown to inaccurately predict the location of separated regions generated by adverse pressure gradients. 22 The k-ω model also overpredicted the size of this separated region.
All three models underpredict the location of point 2. Rather than using the Richardson Extrapolation values to compare with the experimental critical points, these extrapolated values may instead be used to estimate the error in the fine grid predictions. If the extrapolated values for point 2 are used to calculate the percent error of the fine mesh predictions, then the fine mesh errors are 2.1%, 1.7% and -6.0% for the Spalart-Allmaras, k-ε, and k-ω models, respectively. The large error for k-ω model is an indication that an additional mesh refinement may be required to ensure an accurate extrapolation of this flow feature. Near the surface of the plate the jet behaves as a solid obstruction to the oncoming fluid. Predicting these types of reattachment points is difficult. The predictions of the critical point locations may also be sensitive to the freestream turbulence quantities and the boundary conditions. These sensitivities have not been explored in this work. 
Surface Pressure
The surface pressure coefficient (C p ) is plotted along a line that is parallel to the inflow velocity vector and intersects the center of the jet. Comparisons between the experimental data 2 and the fine mesh solutions for all three turbulence models are shown in Figure 9 :. The center of the jet is located at X/D=0 and Y/D=0. The calculations capture the pressure rise upstream of the jet. The k-ε and k-ω models have slightly higher peak pressures before the jet. Downstream of the jet, the k-ε and k-ω models capture the trends in the experimental data. Both the k-ε model and k-ω model predict a region of moderately increasing C p within the first two diameters downstream of the jet and capture the slope change that occurs at approximately two diameters downstream of the jet. The k-ω model compares extremely well with the data as the flow continues to recompress. The k-ε model sightly overpredicts the C p value as the flow is recompressing. The Spalart-Allmaras model predicts a pressure rise and then a decrease in pressure within the first two diameters downstream. The Spalart-Allmaras model overpredicts the slope of the recompression and the peak value of C p . Figure 10 : shows Mach number contours for the Spalart-Allmaras model in the plane that intersects the center of the jet. A region of high Mach number is clearly visible within the first two diameters downstream of the jet. Also, the region of separated flow appears to have been lifted off of the surface. Both of these phenomena appear to be non-physical. Figure 11: shows the same contour plot for the k-ω model. The figure does not show the high Mach number region found in the Spalart-Allmaras prediction. The high Mach number region predicted by the Spalart-Allmaras model and its effect on the local flowfield may contribute to the behavior shown in Figure 9 : that differs from the k-ε and k-ω models. Although not shown, the k-ε results are similar to those predicted by the k-ω model. Since the k-ε and k-ω models produce similar results, only those from the Spalart-Allmaras model and k-ω model will be discussed hereafter.
Flowfield Features
Figures 16 and 17 show comparisons of the X component of vorticity at X/D=10. In Figure 16 : the experimental results are compared to the prediction using the Spalart-Allmaras turbulence model. The model's prediction of the vorticity contour levels matches the experiment. The results from the k-ω model, shown in Figure  17 :, overpredict the maximum vorticity in the core of the vortex. The location of the core is predicted to be higher than is shown in the experimental data. The k-ω model predicts that the core of the vortices is 82% stronger than was measured. The overprediction of the vortex core strength provides an explanation of the splitting of the jet observed in Figure 15 :.
Additional experimental data was taken at an X/ D=40. By this location, the jet has completely dissipated, therefore the total pressure plots will not be shown. 
Conclusions
Steady state RANS simulations of a supersonic jet in a subsonic compressible crossflow were completed using three different turbulence models. The simulations used three grid levels for each turbulence model. The grids were used to estimate the spatial accuracy of the fine grid solutions. The iterative convergence on each of the mesh levels was also examined. The simulation results were compared to existing experimental data. The location of the separation and reattachment points, the surface pressure and the X-axis vorticity were compared to experimental data.
All of the models under-predicted the location of the reattachment point. The k-ω model and k-ε model accurately predicted the surface pressure. The one-equation Spalart-Allmaras model did not predict the surface pressure as accurately as the two-equation models. A high Mach number region was observed in the Spalart-Allmaras model near the jet, possibly a non-physical result.
The two-equation models missed the location and the strength of the vortices. The Spalart-Allmaras model did an excellent job predicting both the strength and location of the vortices. The discrepancy between the two equation models and the experimental data is believed to be caused by their underprediction of the turbulent viscosity relative to the Spalart-Allmaras model. More advanced turbulence models are probably needed to adequately simulate this complex flow.
There are a number of issues associated with this study which warrant continued investigation: the amount of unsteadiness in flowfield, the effect of the symmetry plane boundary condition on the solutions and the effect of varying the amount of freestream turbulence.
Rather than investigating the jet-in-crossflow problem using the current experimental data, the results from this study will be used to help design an ongoing set of experiments at Sandia National Laboratories to investigate the transonic jet-in-crossflow problem. Specific areas of interest are the near-jet region, the amount of unsteadiness in the flowfield and the measurement of flowfield quantities with nonintrusive methods. 
